Abstract. By mapping the classical c-number transformation in a coherent state basis onto quantum mechanical operators of Fock space and using the technique of integration within an ordered product of operators, we give a systematic prescription for obtaining Hamilton operators for N-port linear optical networks. This prescription may be extended to some nonlinear optical network systems.
Introduction
In some recent works [1, 2] , it is pointed out that the basic operation of devices (optical fibres, beamsplitters, and mixers, etc) based on quantum optics components is the transformation of a preassigned set of states {|ν } into another set by a unitary transformation, e.g.
U : |ν −→ |u(ν)
(
Based on the classical Jones calculus [3] , the construction of such a Hamiltonian systemĤ performing the preassigned unitary transformation
on optical modes is then considered. In the handling of optical information, data transmission and quantum computing, such constructions may provide physical realizations of desired networks. A few examples demonstrating how to find the Hamiltonians governing linear optical networks can also be seen in [1] [2] [3] [4] . In this work, we point out that the quantum mechanical time-evolution operatorÛ(t) (so the corresponding Hamiltonian) for linear optical networks can be directly derived by mapping their corresponding classical c-number transformation ν → u(ν) in the coherent state basis onto the operator Fock space. The integration in (3) is then performed by the newly developed technique of integration within an ordered product (IWOP) of operators [5, 6] to deduce the explicit form ofÛ . In this way, the Hamiltonian preassigned for linear optical devices can be easily obtained.
To be more exact, in (3) |ν can be continuous base sets, such as coordinate, momentum eigenstates, which are orthonormal, or nonorthogonal (such as the coherent state). The integration measure dν should be such as to guaranteeÛ 's unitarity.Û is then an integration form of projection ket-bra operator. The IWOP technique directly performs the integration in (3) and obtains the normally ordered operatorsÛ , then the Hamiltonian H in the interaction picture can be derived byÛ(t) as
In section 2, we construct the Hamiltonians of permutation transformations for linear optical networks in general and use a three-mode case as an example to demonstrate this general procedure. In section 3, a general Hamiltonian is obtained for a totally symmetric multi-port system.
The permutation transformation of photons
When the incoming photons are redistributed by optical fibres, one appeals to standard group permutation for annihilation operators
To obtain the unitary transformation, we use the coherent state representation [7] 
which satisfies the overcompleteness relation
to construct the projection operator
Note
Then, using the normal product form of the vacuum projector
and the IWOP technique, we perform the integration
which is a normally ordered form. Thus, (8) and (11) demonstrated thatÛ can be derived as an outcome of the quantum mechanical image of classical c-number permutation transformation (9).
For example, in the two-mode case, the permutation operator can be constructed aŝ
Then, by generalizing the well known operator identity e λâ †â =: eâ † (e λ −1)â : into the matrix form
whereâ ≡ (â 1 ,â 2 , . . . ,â N ) and Λ is a N × N matrix, we havê
We then calculate
and see that it is an antiHermite matrix, which is in agreement with the fact thatÛ in (14) is unitary. Writing the corresponding time-evolution operator aŝ
the Hamiltonian for the two-mode photon permutation is thus obtained, e.g.
which can be applied to a beamsplitter transformation of two-mode photons. Especially, for the classical cyclic transformation C N, we can constructÛ C N aŝ
Using the IWOP technique, we obtain
Because C N can be diagonalized, ln C N can be calculated and the Hamiltonian for the cyclic transformation optical network iŝ
For example, with three incoming photon modes, they will be redistributed among the output ports in the way of
We calculate ln C 3 by diagonalization as in the following 
is the corresponding Hamiltonian. For example, if the transfer matrix M is
where 1 is the N × N unit matrix and
is totally symmetric. We note that
By comparing (35) and (37), we conclude that
Thus, the Hamiltonian for a totally symmetric multi-port system takes the form of
This Hamiltonian has also been considered by Jex et al [2] . However, their approach is different from ours.
In conclusion, a general prescription is developed for describing the input-output relations for a multi-port linear optical network. For a linear optical device, we first write down the classical preassigned transfer matrix transformation in the coherent state basis, then we construct the integral ket-bra projection operator. By using the IWOP technique, we can obtain the normally ordered unitary operator (or time-evolution operator when time t is involved). In doing so, the quantum mechanical Hamiltonian can be derived. We anticipate that this prescription could also work for some nonlinear systems.
